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MATHEMATICAL MODEL FOR FORMATION OF SPUR GEAR TEETH BY A HYPERBOLIC
REFERENCE PROFILE

The aim of this work is to create a fundamentals of mathematical model which consists in definition of geometry of a generating surface and machin-
ing gearing for novel cylindrical spur transmission. The generating surface is considered as rack-cutter with teeth, which profiled by hyperbola — a
curve which is smooth at whole addendum and dedendum parts of reference profile. The equations of teeth surfaces which help the basic performances
of this generating surface surveyed, namely quadratic forms and normal curvatures in the given directions are presented. The equations of machining
gearings which help to obtain the equations of surfaces of teeth which can be applied both for working surfaces and for their fillets are obtained. For
these surfaces quadratic forms also defined. Boundaries of a contact zone are defined. The results obtained in a paper can be used for definition of
quality indicators of serviceability of novel transmissions which will allow carrying out a comparative estimation of novel transmission with conven-
tional one and with other types of transmissions.
Keywords: cylindrical spur gearing, hyperbolic reference profile, generating surface, rack-cutter, cutting meshing.

I1. M. TKAY, 11. /1. HOCKO, O. O. PEBAKIHA, O. B. BAIIITA, A. 0. KOPHIEHKO, O. B. TICOB, I0. O. I[UBPIH
MATEMATHYHA MOJEJIb YTBOPEHHSA 3YBIIB UJITHAPUYHOI ITPAMO3YBOI HEPEJAYI
I'MEPBOJITYHAM BUXTTHUM KOHTYPOM

IpencTaBiIeHO TEOPETUYHE TOCIIKEHHS BHYTPIIIHBOI reoMeTpii BUPOOHOI OBEPXHi Ta BEPCTATHOTO 3a4CILICHHS /ISl yTBOPEHHS 3yOLiB LILTIHAPHY-
HHX NPsAMO3YOMX Iepejjay HOBOTO THITy. BUpoOHa MoBepXHs pO3MIANa€eThes SIK IHCTPYMEHTabHA peiika 3 BHXIHUM KOHTYPOM, IO CIPO(iIb0OBaHO
rinep6onoto. HaBeieHO piBHSHHS MOBEPXOHb 3yOLiB iHCTPyMEHTAIBHOI PEHKH, POSIITHYTO OCHOBHI XapaKTePUCTHKH I1i€] BUPOOHOI IIOBEPXHi, a caMe
KBaJpaTuuHi popMH i HOpMaNbHI KPUBU3HH B 3a/laHUX HampsiMKax. [Ipe/icTaBlIeHO PiBHAHHS BEPCTATHOTO 3a4CTUICHHS, 3a JIOTIOMOTOIO SIKOTO OfiepiKa-
HO PIBHSHHS IIOBEPXOHB 3yOLiB, IK POOOUYHX TaK i mepexigHux. [ muX MOBEpXOHb TAKOXK BU3HAUCHO KOE(ILi€cHTH KBaApaTUIHUX (HOPM Ta KPHBH3-
HH. Bu3HaueHO MeXi 1oIs 3aueruieHHs. Pe3yabTaTy, ofiepikaHi B CTaTTi, B MOAAJIBIIOMY MOXXHA BUKOPUCTOBYBATH Il BASHAYCHHS SIKICHHX TTOKa3HH-
KiB IIpale3aTHOCTi HOBOTO THUITy TIepead, IO JO3BOIUTH IPOBOAUTH iX MOPIBHIBHY OIIHKY i3 TpaJUIIHHUMH Ta iHIIMMU BUAMU Iepesiad.

Kurodosi ciroBa: mutiHapuyHa npsamMo3y0a nepeiava, rinepOonivHui BUXiTHUH KOHTYp, BUPOOHA MOBEPXHs, IHCTPyMEHTAlIbHA peiika, BepcTa-
THE 3a4CILICHHS.

I1. H. TKAY, 11. /1. HOCKO, O. A. PEBAKHHA, A. B. BAILITA, A. A. KOPHHEHKO, A. B. TICOB, IO. A. IIHBP{lIZ
MATEMATHYECKAS MOJEJIb OBPA30OBAHUS 3YBbEB IMJIMHAPUYECKOU ITPSIMO3YBOHU
HNEPEJAYU T'TNINEPBOJIMYECKUM HCXO/JHBIM KOHTYPOM

IIpencraBiaeHO TEOPETUUECKOE UCCICHOBAHHE BHYTPEHHEH IE€OMETPHM MPOU3BOAAMICH MOBEPXHOCTH M CTAHOYHOTO 3alleIUICHUS IS 00pa3OBaHUS
3yObeB LIMIIMHAPUYECKHX MPAMO3yObIX Iepefad HOBoro Tumna. IIponsBosinas MoBEpXHOCTh PacCMaTPHUBAETCs KaK MHCTPyMEHTallbHAs peiika ¢ Hc-
XOJHBIM KOHTYPOM, CIIpo(UIHpoBaHHBIM runepOonoi. [IpencraBiaeHs! ypaBHEHHS TOBEPXHOCTEH 3yObeB HHCTPYMEHTAIbHOH Peliky, ¢ HOMOMIBIO KO-
TOPBIX PACCMOTPEHBI OCHOBHBIC XapaKTEPUCTHKH 3TOW NMPOM3BOAALICH NMOBEPXHOCTH, a MIMEHHO KBaJpaTH4HbIe (OPMBI U HOpPMAJIbHbIC KPHUBH3HBI B
3aJlaHHBIX HANpPaBIeHUAX. [loqydeHs! ypaBHEHHUs CTAHOYHOTO 3aIlCIUICHHS, ¢ IOMOIIBIO KOTOPHIX BBIBEACHBI YPaBHEHHS IIOBEPXHOCTEH 3yObeB, KOTO-
pblie MOTYT ObITh IPUMEHEHBI KaK JUIs pabO4YUX MOBEPXHOCTEH 3yObeB, TaK M [T NEPEXOAHBIX. JJIst STUX MOBEPXHOCTEH TAK)Ke ONpPEIEICHBI KBaapa-
TUYHBIE (POPMBI ¥ KpHBU3HBL. OTpeeNeHbl IPaHUIbI IO 3aleIUICHIs. Pe3yIbTaThl, OTy4YeHHBIC B CTaThe, B JATbHEHIIIEM MOXKHO HCIIONB30BATH IS
OIIpe/Ie/ICHUsI KaYeCTBEHHBIX MOKa3aTeleil paboToCocOOHOCTH HOBOTO THIIA TIEpEay, YTO ITO3BOIHUT MPOBOJUTH X CPABHUTEIIBHYIO OLICHKY C Tpau-
IHOHHBIMH U IPYTHMH BHIAMU IIepesad.

KiroueBble c1oBa: IMIMHAPHYECKas IPAMO3y0ast epeaaya, THIepOONTHYecKiil ICXOHBIH KOHTYP, TPOU3BOAAIIAS TOBEPXHOCTh, HHCTPYMEH-
TalbHas peiika, CTAHOYHOE 3aLeIIICHHUE.

Introduction. Gear transmissions are one of the
most important parts of machines and mechanisms. The

developing to nowadays [6, 7]. Practical implementation of
this method is limited. First, the contact loading capacity of

gears due to their positive properties are the most common
and promising. It is confirmed by the constant growth of
the world volume of their production by 4-6 % according
to the data [1, 2]. A very optimistic forecast for 2018 was
obtained from the results of an annual survey by the Gear
Technology magazine [3]. That’s why, researches which
aimed to improving the quality performance of gear
transmissions have great importance for the machine-
building industry. Therefore, the improving of gear trans-
missions is, of course, a relevant objective.

Analysis of the literature. The promising method to
improve gears is the selection of rational geometric parame-
ters, which will allow the improvement of qualitative indi-
cators without changing the materials, overall dimensions
and accuracy. Significant success in the implementation of
this method has been achieved in relation to conventional
(involute) gears. This direction of research became relevant
in the seventies of the last century [4, 5] and it continues to

the involute gear is limited by the high value of the relative
curvature of the teeth, which is furthemore depends of the
wheels radii. Secondly, the bending loading capacity can
not be increased significantly by the fillet modification due
to fillet location within the radial clearance. Therefore, we
can assume that conventional transmissions have insignifi-
cant reserves for further improvement.

In recent decades, Ukrainian researchers have been of-
fered a range of new gears that are alternatives to traditional
ones. These are evolute transmissions [8, 9], "enkaitic" [10],
C-C transmissions [11, 12], transmission which are synthe-
sized according to serviceability indicators [13—15], trans-
mission with increased load capacity, which basic rack is
profiled by algebraic and transcendental curves [16—18].
The new types of gearing proposed in works [8—18] have
good perspectives for further implementation into industry
due to the development of new highly effective methods of
gear machining [19-21]. The peculiarity of works [8—18] is
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the focus on increasing the contact strength, so the main at-
tention is given to the working area of the reference profile.
The fillet area is considered separately, and it is defined by
another curve, which is tangent to the working segment.
This approach creates the technological difficulties, in par-
ticular when a cutting tool is designed. A new approach,
which consist in simultaneously determine the shape of
both sections of the profile as a solution to a single prob-
lem, is proposed in [22] for the formation of the reference
profile. This approach was successfully implemented by the
authors [23] by means of spline-interpolation of the refer-
ence profile by Bezier’s curves. In this case, the profile is
set in the form of a point diagram, and the equations de-
scribing the reference profile are polynomials of the third
degree. This approach provides advantages in modeling of
formation, but it complicates the mathematical description
of the quality indicators of transmissions. A compromise in
this case is to use as a profile the sine curve [24] or the con-
ic curves. Possibility of conic curves using to profiling the
basic rack is established in [25]. In particular, it was found
in [25] that the gears which are generated by the hyperbolic
reference profile can be used as an alternative for the most
common involute gearing with a 20° profile angle and a
1.25 height ratio.

The purpose of the article. The article aims to cre-
ate a basis for the mathematical model of the teeth for-
mation by a hyperbolic reference profile, in particular the
study of the internal geometry of the generating surface
and machining gearing, which will further allow to deter-
mine the quality performance of such transmissions.

Statement of the research task. The basis of the
generating surface is the hyperbolic profile (Fig. 1), be-
cause it forms a normal section of surface (Fig. 2). It
should be noted that the hyperbolic reference profile, un-
like the involute, is continuous in the segment from the
pitch line (indicated by p.l. in Fig. 1) to the tip of the tooth
(0,4 segment in Fig. 1). The segment from the pitch line
to the line of profile valleys O.D is symmetric to O, 4 . It
makes possible to consider both of the active part and the
root fillet which will be described by one function within
the one mathematical model. To do it, we can use only the
top part of the profile O,4, the dedendum O.D is sym-
metric to O,A4 relative O, . The generating surface will
be considered as a rack-type tool.

1. Hyperbolic reference profile. Let's define the
coordinate system, which is connected with the profile. In
this case, the axis O,Y, is directed along the pitch line of
the tooth of the basic rack (Fig. 1).

The coordinates of the profile are

£ 0,
a , < Y,
~
Y,
&
X,

Fig. 1 — The main parameters of the hyperbolic reference profile

h — the height of the profile (Fig. 1), which is equal
h,m for addendum and 4,m and for dedendum (4, and
h; are the addendum and dedendum coefficients of refer-
ence profile). Here and elsewhere was accepted the value
of the module m=1 mm. To study transmissions with an-
other value of module it is necessary in equations (1) and
elsewhere coordinates x, and y, multiply by m;

a and b — real and imaginary semi-axes of hyperbola
respectively [25],

nh—4h? tga
a=t =02, )
8htga, —m
T

b= —
4,/0%+20,, @

In formula (3) o, is the angle of reference profile

on the pitch line [25]

p

T T
—<tga, <—. 5
gh 24 Sy, (5)

The range (5) determines the region of existence of
hyperbolic transmission. Values of /4 and o, need to be

the same as in the similar involute transmission.
Parameter 6, in formula (4) is the value of 6 on the

pitch line. It determines from (2) when A=0, i..
0,=hla.

The profile angle of the hyperbolic reference profile
at an arbitrary point is defined as

1+0

b
tgo=y, =———. (6)
a \?+26

The profile angle can also be determined by depend-

e, 2
X, =\ y,—4 bV O~ +260, M encies
: b(1+6)

where A — variable which determines the position of the sina = > > ;
profile point in height (Fig. 1); \/(a +b )(1 +0)—a

0 — geometric parameter which is equal to (7

cosa=a I 0" +20
=11, 2) \/(a2+b2)(1+e)—a2'
a
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Parameters of the hyperbolic reference profile are the
basis of the following studies in which equations (1)—(7)
will be used.

2. Generating surface and its elements. If we de-
scribe the machining process as meshing of a rack tool
(generating surface) with machined gears, the surface of
the tooth will be an enveloping of the generating surface.
To obtain the equation of the generating surface, we de-
fine the coordinate system S; which is associated with

the generating surface. So the equation of this surface in
the S, coordinate system is

X, = yS=g—b 0%+20; z,=p, (8)

where p is the variable value (Fig. 2).

X \ L=const
, R n
X V(4
// A=const
< | _
/ 7
0., \ T,
y7,
/
¥
pitch plane
0,5mm

Fig. 2 — Basic parameters of generating surface

To obtain the formulas for determining the perfor-
mance indicators of cylindrical gears, such elements of the
generating surface as normal and its projections on the co-
ordinate axis, the coefficients of the first and second quad-
ratic forms, and the normal curvatures in the given direc-
tions are required.

The vector of normal is determined by [26]

N, =r/xr}, ©9)

where r and r" is the partial derivatives of the radius-vector
of the generating surface (6) by the variables A and u:

xl=1; xM=0;
)»_2_ 1+6
a

- TR
Vs m9 Y =0; (10)

A_p LH—
zg=0; z=1.

Substituting (10) into (9), we obtain the projections
of the normal vector to the generating surface

o= 140 N, =1, N, =0.

Y oa Jore20

an

The module of the normal vector (11) is obtained taking
into account [26]

2,32 2

n:l\/(a +b 2X1+9)—a ' (12)
a 06" +26
Then the unitary normal vector is
1
. = b(1+6) ,

J@+02)(1+0)-?

(13)

0% +260
€y =—a |7——— > e, =0.
(a +b )(l+9)—a

The coefficients of the first quadratic form in the
general case are equal [26]

E, =l [+l f ot f Rt eyttt
G, =(x§)z +(y§)z +(zf)z.

For the surface (8), substituting (10) into (14) we get

(14)

2 2
B -1+2. (L+6)
a’ 0%+20

. F,=0; G,=L. (15)

The coefficients of the second quadratic form [§]

Y A M
Ls =X esx+yx exy+zs €5

s
_ n Moo
M s = Xs €y +y s esy +y s €szs

(16)

— M Hp Hp
Ns_xs esx+ys esy+zs €z

The second derivatives of the radius-vector (8) of the
generating surface with respect to a variable A and p are

Mg b M _0.

=YY y :—/9 zy =V,
Coaere20)
X =0y yt=0; 2zt =0;

HU () M () MM
xtH=0; yiF=0; z[*=0.

(17

Substituting (17) into (16), we obtain the coefficients
of the second quadratic form

L b
" a0 +20\(a +02 J1+0)-a?
M,=0; N,=0.

>

(18)

The coefficients (15) and (18) are the function of the
parameters that determine the hyperbolic reference pro-
file; formulas (15) and (18) are valid for spur racks with a
hyperbolic profile.

The normal curvature of the production surface in
general terms is determined by the formula [26]

P L,d)\* +2M ,d)du+ N, du’
E,d\* +2F,d\du+G,dp>’

(19)

142

Bicnux Hayionanvnoeo mexuiunozo ynisepcumemy "XII1".
Cepis: Mawunosznaecmeo ma CAIIP, Ne25 (1301) 2018



ISSN 2079-0775

where dA and dp are the differentials of A and p coor-
dinate lines.

The direction in which the curvature is determined de-
pends on dA and dp values. Thus, for example, the curva-
ture along the lines A =const (Fig. 2) is obtained when
dh=0 from (19) as

(20)

That is typical for spur gears.
The curvature along the p = const lines is the curva-

ture of the reference profile (Fig. 2), it is equal to
L, ab

05 (a2 +p21+0)-a2 ]

Inasmuch as the coefficients of the quadratic forms
F,=0 and M =0 for the considered generating surface,

@n

then coordinate lines A =const and p=const are the

lines of curvature, and the normal curvatures (20) and (21)
are the main curvatures of the surface (6). After substitut-
ing (2) into (21), reducing to the hyperbola coordinate sys-
tem X,0,Y, (Fig.1) and after corresponding transfor-
mations we get a well-known formula for determining the
curvature of hyperbola

where 7 1 r, — focal radii of the corresponding points on
the reference profile.

3. Machining gearing. Let’s consider the formation
of the spur gears by rack-type tool. To study the machin-
ing gearing, i.e. the meshing of the rack-type tool with
machined gears, we will define the following coordinate
system (Fig. 3):

S| — coordinate system related to the pinion;
§, — coordinate system related to the gear;
S — fixed coordinate system.

The pitch cylinder of the workpiece rolls along the
pitch plane of the generating surface. The plane Y,0,Z; is
the pitch plane of the rack ; the plane YOZ coincides with
the plane Y,O,Z, , in addition, the origin O coinciding
with the pitch. The axis OY coincides with the axis O,Y .
The plane YOX passes through the middle butt section of
the transmission. The axes O,Z, and O,Z, are parallel to
axis OZ; it is the axes of rotation of pinion and gear re-
spectively. The radii of the pitch cylinders symbolize by
R, for the pinion and R, for the gear; ¢, and ¢, are the
angles of rotation of the pinion and gear. In the following,
the index "1" will denote the parameters related to the pin-
ion, the index "2" — the parameters related to the gear.
Hence we will accept i=1 for the pinion i=2 for the gear,
and when the workpiece is rotated to the corner o;, the

surface is moved to the distance R;; .

>

R
3
<

Fig. 3 — Coordinate systems

The transition from one coordinate system to another will
be implemented in a matrix way. In the following we will need
the matrices of the transition which are known from [27]. Ap-
plying the transition matrix from S, to S, we obtain in a

fixed coordinate system the equation of generating surface

x=A=h-ab; yzg—b 02+20-R@;; z=p.  (22)

The equation of the machining gearing of the gener-
ating surface with the cutting gear has the form [27]
F=V¥.e =0, (23)

where V*' — the relative speed in the machining gearing of the
generating surface with the machined gear [28], it is equal to

ey, (24)

where M; — the transition matrix from S, to §;

cosp, =*sing; 0 FR

Fsing; cosg;, 0 Rp;
M= N ST

0 0 1 0

0 0 0 1

M

S — derivative by the parameter ¢ of the matrix
(]

M, which is reverse to (25),
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—-sing; Fcosp; 0 =ER,p,cosq,
dM,  |tcosp, -—sing; 0 R;p;sing,
is _ ¢ ¢ ¢;Sme . (26)
do; 0 0 1 0
0 0 0 1
r, — the radius vector of the generating surface, its

projection in a fixed coordinate system is (22).
Given (24), (25) and (26) we get

VS,»:J_{%_;) 92+29—Ri(p,-)ii(h—a6)j. 27)

where i and j are the unitary vectors of the Cartesian co-

ordinate system.
To obtain the true value of the relative velocity, the right

part of (27) should be multiplied by the angular velocity ®, .

Substituting the values (11) and (27) into (23) we ob-
tain the equation of machining gearing

(Z—b 92+26—R,-(p[j+a(h—a9)\/62+26
\/(az +b2XI+9)—a2

Equation (28) defines the relation between the pa-
rameter O (the height parameter A ) and the angle ¢ . Hav-

F=% =0. (28)

l

ing solved equation (28) it is possible to determine ¢;

which corresponds to a certain position of the contact line
on the generating surface

l|n a h—ab 2
=—] ——| b————— W0 +20 |
P R.[4 ( b 1+9j }

1

(29)

When solving the inverse problem, from the relation
(28) we have the equation of fourth order

0%+B,0°+C,0%+D,0+E, =0, (30)
where
5 b[4-2a(h-3a)|-2a*(h-a),
¢ b*+2a’b* +a* ’
-
b2[5—2a(3h—2a)—(Z—Ri(pi] +2a’h(h—4a)
C, = = ;
? b*+24a°b* +a*
.
b2[2—4ah—2(Z—R,.<p,.j +2a>h*
D,= - ;
? b*+2a’b* +a*

2
T 2
Z_Ro. | b

(4 l(plj

® b +2a%h vat
The real root of equation (30) will determine the point on
the reference profile which is corresponding to ¢; = const .
Equations (28) and (22) determine the surface of the

machining gearing, i.e. the geometric locus of the points
where the contact between the generating surface and the

machined surface occurs. Excluding any parameter from
these equations, for example ¢, we obtain the equation of the
surface of the machining gearing

a (h-aONO’+20 s=n GD

=h-ab; y=—-
FEATAE =y 140

When the same generating surfaces are used for cut-
ting of the both of pinion and gear will have a case of line
contact in the working gearing. For gears, which are cut
without the addendum modification shift, as well as for X-
gears with equal shift, the surface of the machining gear-
ing coincides with the surface of action of the pinion and
gear. Equation (31) defines the line of machining gearing
at the butt plane (z =const). For gear pairs with a line
contact, this line of machining gearing will be the line of
action of the wheels in the butt plane. Bringing (31) to an
explicit form when z = const we have

a x\/(h—x)z +2a(h—x)

b a+h—x

>

and after changing
(a+h—x)2 (bzy2 —a’x? )+a4x2 =0.

Consequently, for hyperbolic gears the line of action
is the curve of the forth order, which is similar to con-
choid of Nicomedes.

Equations (22) and (28) determine the line of instan-
taneous contact of the generating surface and the surfaces
of the teeth of the cutting gears. For gears, which are cut
without the addendum modification shift, as well as for X-
gears with equal shift, this line coincides with the instan-
taneous contact line of pinion and gear teeth.

Taking into account (27) and (28) relative speed in
machining gearing is determined by the formula

2
(h-abN 6 +2eii(h—a9)j.

1+6

= a

pri=—xZ. (32)
b

The upper sign and i=1 is taken for the teeth of the

pinion, the bottom one and i=2 is taken for the teeth of
the gear in equations (25) — (28) and (32).

4. Parameters of the teeth surfaces of the ma-
chined gears. To determine the equations of the teeth sur-
faces of the hyperbolic pinion and gear, it is necessary to
represent the equation of the surface of machining gearing
in coordinate systems S; or S,. To do this, we use the

matrix of the transition from S to §; [27]

cosp, Fsing, 0 =R, cosy,
tsing; cosp, O R;sing;
7l o o 1 o0
0 0 0 1

The equation of the teeth surfaces of the pinion (i=1)
and the gear (i=2) in the coordinate system S, is given by
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) [n2
xl:(h—aGJ_rR,.)cosq)iiﬁ-wsin@i;

b 1+0
a (h-aBNe*+20 cosor: (33)

h-aO+R, |
=+(h—aBL R, sing; + - o 5

II@

z; =W

The equations (33) allow us to determine the thick-
ness of the root part of the teeth at the bending stress cal-
culation, as well as the control dimensions of the gears
which are cut. The equation (33) is the equation of the in-
stantaneous contact lines of the gears when ¢, =const.
These equations describe the teeth profile of the pinion
and gear at the butt section when z = const.

The equation (33) determines the ruling of cylinders
when A =const. The radii of these cylinders can be de-
termined by the formula

_[2, 2
Ry =v/x; +yi,

or taking into account (33)

J(h s, P+

The equation (34) can be used to determine the value of
A;* which correspond to the boundary points of the contact

(h—a0)*(0%+20

(1+0)° G

zone. To do this, in the left part of the relation (34) we will
substitute the values of R, and R,, which are the outside

radii of the pinion and the gear. We have an equation of
fourth degree

0*+B,0°+C,0°+D,0+E,=0, (35)
where

2 2
_h)— + R _
B, =2 a*(a—h) 2b (h3_R, a);
ab” +a
Rl-)—(hiRl.)z—R(fiJ+a2h(h—4a)'
a’b*+a’ '

S

a

b*(h+ R \h+R,—a)+a’h® —R2b*
a*b* +a* ’
3 Y|
a*b*+at

D,=2-

E =

a

The real root of equation (35) will determine the val-
ue of the parameter 0,* which are correspond to A;*.
Obtained A;* should be used to determining the perfor-
mance indicators of working gearing.

To determine the thickness of the teeth at the butt
section, it is necessary to determine A;* from the equa-
tion (34) for the given R, and R,,, and the angle ¢;*
from the equation of gearing (28). Substituting the ob-
tained A;* and ¢, * into equation (33) we find the coor-
dinates of the profile of the tooth at the butt section which
are correspond to R,, and R, . For a symmetrical refer-

ence profile, the tooth thickness of the pinion and the gear
at the butt section is equal to

S=§—2|y,.|:g—2‘i(h—aejf £R, Jino; -

a (a0} }lo; ) +26; (36)

b 146,

1

cosQ, |

The distance from the tip of the tooth to the measur-
ing chord (measuring height) is equal to

=R, (37)

The coordinates x; in (37) are determined from the
equations (33) with A, * and @;*

To prevent the pointing of the teeth at the design
stage, the thickness of the teeth tips is need to be deter-
mined. To do it the relation (36) could be use, but it is
necessary to take the outside radii R, instead the R,

when determining A;* and @;*

5. Coefficients of quadratic forms of teeth surfac-
es. The first and second quadratic forms are the important
geometric characteristic of the teeth surfaces, the coeffi-
cients of quadratic forms we define by formulas [26]

et B ) R R
G:(xfp)z+(y§")z+(zfp)z;

A Mg 0.
L__x €y _yl _Z e M, 1 €xi yl I_Zi €i»

i “xi i €z i

(38)

39
N;==xlel —ylel —zled 2

[ 1 7zio

x?,y?,zf — derivatives of the radius vec-

tor (33) by A and ¢ respectively;

Ao A
where x",y;",z},

ket ek e? e e’

i»€yi€215€51,€;,€,; — derivatives of projections of

e
the unit normal vector to the teeth surfaces by A and ¢

respectively.
Derivatives of the radius vector (33) are equal

3
xi,» —cosp, + a(l—i—(%)) —(a+h) sing,;
b(1+0)v/07 +20
(40)
Ay s a(l+9)3—(a+h) A
y; =t8inQ; + ———————==c0s¢;; z; =0;
b(1+6)* V0% +20
) [n2
x?=—(h—a®+R, sin, + +2. w CosQ;;
b 1+0
y? =t(h—ab= R, )cosp, - —(h aO O +20 sing;; @D
b 1+6 v
zP=0.

1

Normal unit vector of the teeth surfaces (33) of the
pinion and gear related with the normal unit vector of
generating surface (6) by formulas
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A% Y W
€)x =€, COSQ; Feg, Sing;;
N (42)

iz~ €z

Aok A .
e, =te sinQ; +e;, cosp;; e
(p:

o e i 9 i T )
€y =€, CosQ; —e, SinQ; +eg sing; Fe,, cosQ;;

eg =t(e)sing, +e,, cosq)l-)+e§)y cosQ; +e,sing;; (43)

et =el.

Derivatives of projections of the normal unit vector of
the teeth surfaces can be determined by derivatives of the
normal unit vector (13) of the generating surface (6), which
are equal to

o = ab
" [(a2+b2X1+e)—a2]3’2
oo b*(1+6) )
" a2+ fi40)-a2f 2 Vor 420
ez‘Z:O;
es=0; ef =0; ef =0. (45)

Substituting (44) and (45) into (42) and (43) respec-
tively, we obtain the necessary derivatives of orts

»_ab 0% +20cosp, Fh*(1+0)sing,
" 2102 Vo 20
o tab 0% +20sin@; +b>(1+6)cosp;
" e iv0)-a2 [P o2 420

e =0;

zl

(46)

o _—b(1+6)sing; +av6 +20coso,
N \/(az +b2XI+6)—a2 ’
o +b(1+6)cosp, —ay 0? +20sing;
g \/(az +b2X1+G)—a2 ’

¢ _
e =0.

(47)

After the corresponding substitution (40), (41) and
(46), (47) into (38) and (39) for the teeth surfaces of the
pinion and gear we obtain:

— the coefficients of the first quadratic forms

a0+ arn)]

T (+0) (67 +20)
e ia(h—ae) a(1+6)3—(a+h)—b(1+6)(62+26);
' b b(1+67+/62 20
G:(h—ae)2[(a2+b2)(1+e)—a2];
’ b2(1+6)

— the coefficients of the second quadratic forms

I b(h—ab) _
" (+0)or+20 a2 +b2 1 +0)-a2 [
Mot h—ab )
o ro)(0? +20 (@ 457 J1+0)-a?|
v __=adla? 40 J1+6)-a’
: b(1+0) '
Conclusions:

1. The fundamentals of the mathematical model of
spur gears with teeth which are formed by a hyperbolic
basic rack are developed. For such transmission, the gen-
erating surface is mathematically described with the defi-
nition of its basic geometric characteristics; the gearing of
this surface with the machined teeth is investigated; the
equation of these teeth surfaces is obtained, as well as the
basic geometrical characteristics of these surfaces. The
obtained equations also allow to determine the boundaries
of the contact zone, the control dimensions of the teeth
and to set limitations at the design stage.

2. Using the results obtained in the article, in the
following it is possible to determine all geometric charac-
teristics of the surfaces of the pinion and gears (for exam-
ple, the curvature of the teeth surfaces in any given direc-
tion etc.). These characteristics are the basis for determin-
ing the performance indicators of transmission, whose
teeth are generating by a hyperbolic basic rack. The com-
parative analysis of such transmissions can be carried out
not only with traditional, but also with other types of gear-
ings with the use of these indicators.
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